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2
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5
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2
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We want to study the long time behavior of fB
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What happens if we replace  by  ?B BN = BN−δCane [submitted] :

•  constant magnetic field 
•  no magnetic field
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3
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5
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/1513



∂t fBN
(t, u, k, i) +

vBN
(k)

2π
∂u fBN

(t, u, k, i) = λ−1
BN

(k, i)
2

∑
j=1

∫𝕋
PBN (k, i, dk′ , j) [fBN (t, u, k′ , j) − fBN (t, u, k, i)]

Introduction of a small magnetic field
What happens if we replace  by   into the Boltzmann equation ?B BN = BN−δ

/1513



∂t fBN
(t, u, k, i) +

vBN
(k)

2π
∂u fBN

(t, u, k, i) = λ−1
BN

(k, i)
2

∑
j=1

∫𝕋
PBN (k, i, dk′ , j) [fBN (t, u, k′ , j) − fBN (t, u, k, i)]

Introduction of a small magnetic field
What happens if we replace  by   into the Boltzmann equation ?B BN = BN−δ

Let  be the Lévy process with Lévy measure   Yδ
u( ⋅ ) νδ dνδ(r) =

 if  |r |− 3
2 −1 dr δ >

1
2

 if |r |− 5
3 −1 dr δ <

1
2

 if  hB(r)dr δ =
1
2

−(−Δ)
3
4

−(−Δ)
5
6

Generator of a (non-stable) 
Lévy process          

/1513



∂t fBN
(t, u, k, i) +

vBN
(k)

2π
∂u fBN

(t, u, k, i) = λ−1
BN

(k, i)
2

∑
j=1

∫𝕋
PBN (k, i, dk′ , j) [fBN (t, u, k′ , j) − fBN (t, u, k, i)]

Introduction of a small magnetic field
What happens if we replace  by   into the Boltzmann equation ?B BN = BN−δ

Let  be the number of jumps until time 𝒩(t) t

  ZBN
u (t) = u −

1
2π ∫

t

0
vBN (KBN(s)) ds = u −

𝒩(t)

∑
n=1

τBN
n λBN (KBN

n−1, IBN
n−1)

vBN (KBN
n−1)

2π

Let  be the Lévy process with Lévy measure   Yδ
u( ⋅ ) νδ dνδ(r) =

 if  |r |− 3
2 −1 dr δ >

1
2

 if |r |− 5
3 −1 dr δ <

1
2

 if  hB(r)dr δ =
1
2

−(−Δ)
3
4

−(−Δ)
5
6

Generator of a (non-stable) 
Lévy process          

/1513



∂t fBN
(t, u, k, i) +

vBN
(k)

2π
∂u fBN

(t, u, k, i) = λ−1
BN

(k, i)
2

∑
j=1

∫𝕋
PBN (k, i, dk′ , j) [fBN (t, u, k′ , j) − fBN (t, u, k, i)]

Introduction of a small magnetic field
What happens if we replace  by   into the Boltzmann equation ?B BN = BN−δ

Theorem [Cane] :  converges to the Lévy process  with Lévy measure  where 

                                        if   and    if 

N−1ZBN
Nu (Nαδ ⋅ ) Yδ

u( ⋅ ) νδ

αδ =
5 − δ

3
δ <

1
2

αδ =
3
2

δ ≥
1
2

Let  be the number of jumps until time 𝒩(t) t

  ZBN
u (t) = u −

1
2π ∫

t

0
vBN (KBN(s)) ds = u −

𝒩(t)

∑
n=1

τBN
n λBN (KBN

n−1, IBN
n−1)

vBN (KBN
n−1)

2π

Let  be the Lévy process with Lévy measure   Yδ
u( ⋅ ) νδ dνδ(r) =

 if  |r |− 3
2 −1 dr δ >

1
2

 if |r |− 5
3 −1 dr δ <

1
2

 if  hB(r)dr δ =
1
2

−(−Δ)
3
4

−(−Δ)
5
6

Generator of a (non-stable) 
Lévy process          

/1513



An interpolation P.D.E
BN = BN−δ

/1514



An interpolation P.D.E
fBN

(t, u, k, i) = 𝔼 [f 0 (ZBN
u (t), KBN

k (t), IBN
i (t))]BN = BN−δ

/1514



An interpolation P.D.E
fBN

(t, u, k, i) = 𝔼 [f 0 (ZBN
u (t), KBN

k (t), IBN
i (t))]BN = BN−δ

 if  −(−Δ)
3
4 δ >

1
2

 if  𝒟B δ =
1
2

 if  −(−Δ)
5
6 δ <

1
2

𝔏δ =

/1514



An interpolation P.D.E
fBN

(t, u, k, i) = 𝔼 [f 0 (ZBN
u (t), KBN

k (t), IBN
i (t))]BN = BN−δ

 if  −(−Δ)
3
4 δ >

1
2

 if  𝒟B δ =
1
2

 if  −(−Δ)
5
6 δ <

1
2

𝔏δ =

Let  be a positive constant and 
  be the solution on  

of

Cδ

ρδ [0,T] × ℝ

∂tρδ = Cδ𝔏δ[ρδ]

ρδ = ρ0

/1514



An interpolation P.D.E

Theorem [Cane ] 
lim

N→∞

2

∑
i=1

∫𝕋
fBN (Nαδt, Nu, k, i) −

1
2

ρδ(t, u) dk = 0

fBN
(t, u, k, i) = 𝔼 [f 0 (ZBN

u (t), KBN
k (t), IBN

i (t))]BN = BN−δ

 if  −(−Δ)
3
4 δ >

1
2

 if  𝒟B δ =
1
2

 if  −(−Δ)
5
6 δ <

1
2

𝔏δ =

Let  be a positive constant and 
  be the solution on  

of

Cδ

ρδ [0,T] × ℝ

∂tρδ = Cδ𝔏δ[ρδ]

ρδ = ρ0

/1514



Time’s scaling 
exponent 

δ1/2

5
3

3
2

0

An interpolation P.D.E

Theorem [Cane ] 
lim

N→∞

2

∑
i=1

∫𝕋
fBN (Nαδt, Nu, k, i) −

1
2

ρδ(t, u) dk = 0

fBN
(t, u, k, i) = 𝔼 [f 0 (ZBN

u (t), KBN
k (t), IBN

i (t))]BN = BN−δ

 if  −(−Δ)
3
4 δ >

1
2

 if  𝒟B δ =
1
2

 if  −(−Δ)
5
6 δ <

1
2

𝔏δ =

Let  be a positive constant and 
  be the solution on  

of

Cδ

ρδ [0,T] × ℝ

∂tρδ = Cδ𝔏δ[ρδ]

ρδ = ρ0

/1514



Time’s scaling 
exponent 

δ1/2

5
3

3
2

0

5 − δ
3

3
2

−(−Δ)
5
6 −(−Δ)

3
4

An interpolation P.D.E

Theorem [Cane ] 
lim

N→∞

2

∑
i=1

∫𝕋
fBN (Nαδt, Nu, k, i) −

1
2

ρδ(t, u) dk = 0

fBN
(t, u, k, i) = 𝔼 [f 0 (ZBN

u (t), KBN
k (t), IBN

i (t))]BN = BN−δ

 if  −(−Δ)
3
4 δ >

1
2

 if  𝒟B δ =
1
2

 if  −(−Δ)
5
6 δ <

1
2

𝔏δ =

Let  be a positive constant and 
  be the solution on  

of

Cδ

ρδ [0,T] × ℝ

∂tρδ = Cδ𝔏δ[ρδ]

ρδ = ρ0

/1514



Time’s scaling 
exponent 

δ1/2

5
3

3
2

0

5 − δ
3

3
2

−(−Δ)
5
6 −(−Δ)

3
4

An interpolation P.D.E

𝒟B

 is the generator  of a non-stable Lévy process𝒟B

Theorem [Cane ] 
lim

N→∞

2

∑
i=1

∫𝕋
fBN (Nαδt, Nu, k, i) −

1
2

ρδ(t, u) dk = 0

fBN
(t, u, k, i) = 𝔼 [f 0 (ZBN

u (t), KBN
k (t), IBN

i (t))]BN = BN−δ

 if  −(−Δ)
3
4 δ >

1
2

 if  𝒟B δ =
1
2

 if  −(−Δ)
5
6 δ <

1
2

𝔏δ =

Let  be a positive constant and 
  be the solution on  

of

Cδ

ρδ [0,T] × ℝ

∂tρδ = Cδ𝔏δ[ρδ]

ρδ = ρ0

/1514



Time’s scaling 
exponent 

δ1/2

5
3

3
2

0

5 − δ
3

3
2

−(−Δ)
5
6 −(−Δ)

3
4

An interpolation P.D.E

𝒟B

 is the generator  of a non-stable Lévy process𝒟B

lim
B→0

 
renormalized

lim
B→∞

Theorem [Cane ] 
lim

N→∞

2

∑
i=1

∫𝕋
fBN (Nαδt, Nu, k, i) −

1
2

ρδ(t, u) dk = 0

fBN
(t, u, k, i) = 𝔼 [f 0 (ZBN

u (t), KBN
k (t), IBN

i (t))]BN = BN−δ

 if  −(−Δ)
3
4 δ >

1
2

 if  𝒟B δ =
1
2

 if  −(−Δ)
5
6 δ <

1
2

𝔏δ =

Let  be a positive constant and 
  be the solution on  

of

Cδ

ρδ [0,T] × ℝ

∂tρδ = Cδ𝔏δ[ρδ]

ρδ = ρ0

/1514



/1515

Transition between two fractional diffusion equations depending on the intensity of the magnetic field  
[C submitted]

Summary and open problems



/1515

Transition between two fractional diffusion equations depending on the intensity of the magnetic field  
[C submitted]

Some open problems

• Transition in one step (work in progress with Guelmame) 

• Transition between two fractional Laplacian with a magnetic interface (work in progress with Simon)

Summary and open problems
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Bonus

dνδ(r) =

 if  |r |− 3
2 −1 dr δ >

1
2

 if |r |− 5
3 −1 dr δ <

1
2

 if  hB(r)dr δ =
1
2

Interpolation operator

𝔏δ [ϕ] = ∫ℝ
ℱ [ϕ] (ξ) Φδ(ξ)exp(2iπpξ)dξ

Φδ(ξ) = ∫ℝ
(1 − exp(iξr) + iξr1|r|≤1) dνδ(r)

For each  ξ ∈ ℝ

For each smooth functions   ϕ


