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(V]

Yo =u+— ) X, Shorter time gcale
n=1

|
N
YY(-) > Y,(-) where Y,(-)ig aléuy process on R gtarting from u with meagure o

We define

plt,u) = E |py (B,0))

pltu) = E |py (¥,(0)

Then

0,p(t,u) = — (= A)2[p](t, u)

atp(t, u) = Alpl(t, u)

Léuy process induces fractionnal diffusion. 0/ 16



A jump process

- Vg(k) . .
We want to study the long time behavior of f; where  9,fp(t, u, k, i) 4 ;ﬂ 0, Jp(t,u, ki) = Ll fpl(t, u, k, 1)
p)
EAAARDOEDY [ O24(0R (k. K) 6% (K) (fy (1,10,K.) = fylt, u, e i) ) dk
j=1°1
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A jump process

We want to study the long time behavior of £ where

0,fp(t,u, k, i) +

vp(k)

27

aufB(ta U, k9 l) —

P lfl tou k. ) = 251, 1)2[ (ki k) (fo (10K, ) = o, )

&g ig the infinitesimal generator of a jump process (K2(-),I%(-)) €

« (K”(0),1°%(0)) = (k, 1)

+ The process waitg a time A,(k, i)

-+ The procege goeg from (k, i) to (k', j) with probability Pg(k, i, k', j)

Then

fe(t,u, ki) =

B/ _ 1 Jt B
Z,(t) =u . OVB (K (S)) ds

10 (250, KE@, 1P0)

(Tx {1,2})

St u) =

ﬁ (%uu)):

Lol 5108, u, k, 1)
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Study ol a Random Walk

Let A (z) be the number of jumps until time ¢

1 (! N (t) P (KB—I) N (1)
Zf(t) = u J Vj (KB(S)) ds = u — Z T, 1 Ap (Kf_l,lf_l) - v = Z X,
27 ), - 2T —
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_3_1 : 3
[\r\ 2" drift B=0 —(—A)4
Let Y2(-) be the Léwy process with Lévy meagure duy(r) =
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Up

Let 7 the invariant meagure of (K7, Z;) _ and r> 0 then

€
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Let A (z) be the number of jumps until time ¢

L 1 va (KLL) 40
Zf(t) = U > J Vi (KB(S)) ds = u — Z T,_1 /IB (KnB—l’ InB—l) > e — Xn
T Jo n=1 i n=1
[ \r\_%_ldr if B=0 —(—A)%
Let Y2(-) be the Léwy process with Lévy meagure duy(r) =
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Study ol a Random Walk

Let A (z) be the number of jumps until time ¢
(1)

1 t VB ( n—1
Z,(0) =u - L v (KB(s)) ds = u — ; 7,1 Ap (K2 15 ) > = ; X,
\r\_%_ldrh( B=0 —(—A)%
Let Y2(-) be the Léwy process with Lévy meagure duy(r) = [
& l\r\_%_ldrifB;éO —(—A)%

Let 7 the invariant measure of (K3, I7) _ andr > 0 then

ne

lim N%, ({(k, i), Ag(k, D)V (k) > Nr}) = vg(r, + ) = | 7| 7% with a, = % it B#0and ay = % if B=0

N—>o0
1 o 1 & vi (K5 ) . ] LN
N ]I\gfu(N Bl‘) — | — N ’; Tn—l/lB (Kf_l,[f_l) o RS ijtv(t) — U N r; Xn

JKO [AALO9] (for B =0) and SSS[CMP19] (for B # 0) proved that N=1Z8 (N%-) — YE(-)

/16



Hydrodynamic limits

vp(k)
2T

0,fp(t,u, k, i) + d,[pt,u,k, 1) = Lpl f5l(t, u, k, i)
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Hydrodynamic limits

vp(k)
2T

Wit ko )+ <20, fyt ki) = Ly fil ki) fyltukd) = E |0 (28, KR, 1F0)

|
NZ}@(N“B-) — YB(.)
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Hydrodynamic limits

vp(k)

0,fp(t,u, k, i) + >

N

where Y2( - ) be the Lévy process with Lévy
measure vpg

d,[pt,u,k, 1) = Lpl f5l(t, u, k, i)

dvg(r) =

Folt .k, i) = E |0 (ZB(0), KB (1), I5(0))

|
— 78 (N) — YE(-)

[\r\_%_ldrhc B=0 ( A)%

l \r\_%_ldrh(B;éO ( A)%
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Hydrodynamic limits

vp(k)
2T

Ottt ki) + 220, ft ki) = Lol il ki) ot ki) = E |£0 (2B, KEO.15())

|
NZ]’E,M(N“B-) — YB(.)

\r\_%_ldrhc B=0 —(—A)%
where Y5( - ) be the Léuy process with Léwy duy(r) = [

measure v
B l \r\_%_ldrh(B;éO —(—A)%

JKO [AAD09] (for B = 0) and 888 [CMP9] (for B # 0) proved that

) 2
|
lim Z [ /B (N “st. Nu, k, i) — —ppt,u)| dk =0 Macrogcopic scale
i=1 1T

2

where

Ap

0. pp(t. 1) = — (=AY pa(t, 1) d ——fifB;«eOand@—ih‘B—o
P, 1) = pp(t, u an 5 6 4 T 2/16



Let's sum up

[nitial ageumption wag lim e Z J(ex)E,[e(0,x)] = J J(W)W o(u)du .

=0 b =Y/ R

The question wag : Can we have an equation for the density of energy ?
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e=0 xXeZ R

The question wag : Can we have an equation for the density of energy ?

OH (t,u) = — (—A)GTB[W](t, u) Macrogcopic scale

With . s . ;
L ifB#0and L2 ==ifB=0
2 6 24

Limit in one step proved by JKO [CMP'15] for B = 0

Cane [submitted] : What happens if we replace Bby By, = BN ?

+ & = 0 congtant magnetic field (—A)°
+ & = oo no magnetic field —(—=A)7 3/16
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[ntroduction ol a small magnetic lield

What happeng if we replace B by By = BN~ into the Boltzmann equation ¢

v (k) 2
Ouf 11k D)+ =20 f, () = 251 Y | P, (K k) [f, (0K ) = (1K)
j=1 7T
\r\_%_ldr it 5>% ( A)%
{ . 1 - Generator of a (non-gtable)
(r)dr Fo= 2 Lévy process

|

Let Y2( - ) be the Lévy process with Lévy meagure vy dus(r) =
_%_1 : 1 %
l | 7| drn(5<2 —(—A)
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{ | ) - Generator of a (non-gtable)

Let Y5( - ) be the Lévy process with Lévy measure v; dus(r) = hy(r)dr if 5 = 2 | Lévy process
l \r\_%_ldrh(5<% _(_A)%

Let A (z) be the number of jumps until time

K2
By L[ v By By 1By "By < ”_1>
Z,M1) = u . JO Vg, (KBN(S)) ds = u— ,; T, /IBN (Kn_l,ln_1> o

[4/16



[ntroduction ol a small magnetic lield

What happeng if we replace B by By = BN~ into the Boltzmann equation ¢

- Vg (k) ARV o . .
8thN(t, u, k, i) + > 6ufBN(t, u, k,i) = ABN (k, 1) Z J Py (k, I, dk ,]) [fBN (t, u, k ,]) — I, (t, u, k, 1)]
j=1°1
\r\_%_ldr it 5>% ( A)%

{ | ) - Generator of a (non-gtable)

Let Y5( - ) be the Lévy process with Lévy measure v; dus(r) = hy(r)dr if 5 = 2 | Lévy process
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Let A (z) be the number of jumps until time

K2
By 1 [ (Y By By 1By vy < ”_1>
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Theorem [Cane] : N~'Z¥ (N% - ) converges to the Lévy procese Y2( - ) with Lévy meagure vz where

5—-0 . | 3 .
o = fo<— anda,==> if5>
3 2 2

1
2
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l 5. |
—(=A)sif 6 <>

Let C; be a positive congtant and
ps be the colution on [0,7] X R

of
0,p5 = Cs¥slps]

fBN(t, l/l, k, l) —

- [fo (Z8, Ko, 10 )]

ps=p°

Theorem [Cane ]

|
fBN (Naét, Nl/t, k, l) — Epé(t, l/t)

dk
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- Summary and open problems

[ransition between two fractional diffugion equationg depending on the intengity of the magnetic ftield
[C submitted]

16/16



- Summary and open problems

[ransition between two fractional diffugion equationg depending on the intengity of the magnetic ftield
[C submitted]

Some open problemg

+ Trangition in one step (work in progrese)

+ Transition between two fractional Laplacian with a magnetic interface (work in progrese with Simon)
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