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FPUT chains

We congider a gystem of N interacting particles labelled by x with magg equal to one .
d
LN - -
X € { } dtq(t’ X) = v, v)
%vu, %) = q(t, x + 1) + q(t, x — 1) — 24(t, x) +a (W’ (q(t.x + 1) — (6, x)) = W' (q(t,x) — q(t, x - 1))) |
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FPUT chains

We congider a gystem of N interacting particles labelled by x with magg equal to one .

e il N %q(t’x) — e

%V(t,x) = q(t,x+ 1) +q(t,x - 1) - 29(1,x) +a (W’ (9(t,x+ 1) = q(t,)) = W' (q(1,%) = g1, x = 1)>) |

Energy of the eystem
30— l i | v(Z, x) |2 + l i (q(t, x)—q(t,x — 1))2 + aW (q(t, x)—q(t,x — 1)) = i e(t, x)
2 | 2 =1 x=1
Let

Sy(t, x) = (e(t,x)e(0,0)) — (e(0,0)) () equilibrium meagure

Sy should converge 1o
g5l 1) =% (K(S) V. S(, x)) k ig the conductivity of the aystem

In one dimengional eyeteme heat conductivity seeme to be anomalous for « # 0, k ~ N°
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Harmonic chain submitted to a momentum conserving noise

Microscopic
scale

d
x e / Evi(t’ x)=qt, x+ 1)+ qt,x—1) —2q,t, x)
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Harmonic chain submitted to a momentum conserving noise

DU EN

v \/ 1\//4 [ 2

d
Y e 7/ Evi(t’ x) =q{t, x+ 1)+ qi(t,x — 1) — 2g(t,x) +¢& noise(?, x)

Microscopic
scale

The noige pregerveg the energy and the momentum .

E(r) = Z e(t,x). P(t) = ( Z (7, X), Z (1, X)) :

xXe”/ xeZ xeZ
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Harmonic chain submitted to a momentum conserving noise

S 5 h,

Microscopic
scale

A 2

i

d
Y e 7/ Evi(t, x) =q{t, x+ 1)+ qi(t,x — 1) — 2g(t,x) +¢& noise(?, x)

The noige pregerveg the energy and the momentum .

E(t) = Z el P(t) = ( Z v, (1, X), Z (1, X)) :

xXe”/ xeZ xeZ

- BBO [PRL'O6] proved that «(S) diverges.
» BOS [ARMA'IO] study thie system when e goeg to zero.
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Harmonic chain submitted to a momentum conserving noise

Microscopic * "'\ . Magnetic field
geale | \—//4 . \\ BE;
e 'y :

:

d
X & 7 Evi(ta x) s ql'(tax + 1) + ql'(tax Tz 1) i 2%@» x) +8 nOise(t, X) +B(5l‘,1V2(t9 x) 7 5i,2V1(t9 x))

The noige pregerveg the energy and the momentum .

E(t) = Z el P(t) = ( Z v, (1, X), Z (1, X)) :

xXe”/ xeZ xeZ

- BBO [PRL'O6] proved that «(S) diverges.

» BOS [ARMA'IO] study thie system when e goeg to zero.
- SSS[CMP” (9] add a magnetic field of intengity B to the determinigtic system.
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~ Aim of the study

Let u be the initial digtribution of the eystem. & — 0

Natural ageumption :

lim e Z J(ex)E ,.[e(0,x)] = J J)W o(u)du . Macroscopic scale

- x€Z R
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~ Aim of the study

Let u be the initial digtribution of the eyetem. ¢ — 0

Natural aggumption :

lim e 2 J(ex)E ,.[e(0,x)] = J J)W o(u)du . Macroscopic scale

0
iy xXe€Z R

Can we have a macroscopic equation for the energy dengity in a time gcale 7e='2
We define 7€ : [0,T] - (S x S)" with S = {emooth functiong on R x T}.
Let J = (J},J;) be apair of functiong independent of & then

(W), ]) =€ Z e [e (te‘l,x)] Ji(ex) + O (¢).

xXe€Z

To understand the behavior of the energy, we have to understand the one of 7«.
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~ Historical results of BJKO

BOS [ARMA'IO] and SSS [CMP'19] proved that 777¢ converges 1o f where

Vp(k)

0, f(t,u,k,i) —
27

0, f(t, u, k, i) = Lplf1(t,u,k,i).  Mesoscopic seale
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Historical results of BJIKO

BOS [ARMA'IO] and SSS [CMP'19] proved that 777¢ converges 1o f where

k
0. J(t, u, k, 1) — Vl;(ﬂ) 0, f(t,u,k, i) = Lplf1(t,u, k,i).  Mesoscopic scale
Here
>
Laft,u ki)=Y J 02, ()R (K, k)02, (K) (ft, 0, K' ) = fit, u, ke, i))d’
j=1+1
: | B
Vp(k) = Sl and ‘912/2,3 = &

. hi
\/ sin?(zk) + 372 4\/ itk 7
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[ntroduction to Random Walks

Let (X,).en @ Sequence of iii.d random variables quch that P (X, =1) =P (X, =—1) =
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For N e N* and u € R we define  &BY® = u 4 ;]

BN(-)— B, () where B () ie a Brownian motion on R gtarting from wu.

% (t) hag dengity £, where

e bl a
o \/ 2xt 21

skl = j e Ll
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B (1) ~ N(u,t).
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[ntroduction to Random Walks

Let (X,),en @ Sequence of ii.d random variables quch that P (X, =1) =P (X, =—-1) ==
V]

For N e N* and u € R we define  &BY® = u 4

]
N
BN(-)— B, () where B () ie a Brownian motion on R gtarting from wu.

% (t) hag dengity £, where

e sda
o \/ 2xt 21

i : | \x—u\z
p(t) = E |y (B,0) | =— t[ po<x>exp< s )dx.
- - nt IR

B (1) ~ N(u,t).
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~ A jump process

Vp(k)
AT

o it u ki) d, f(t,uk,i) =Ll It uk,i). Mesgoscopic scale

2
Lpf(t,u, k, i) = Ap(k, i) Z I Pp(k,1,dk',j) (f(t,u,k',j) — f(t,u, k,i)).
j=1 "1
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A jump process

Vp(k)
AT

2
Lpf(t,u, k, i) = Ap(k, i) Z J' Pp(k,1,dk',j) (f(t,u,k',j) — f(t,u, k,i)).
j=1 "1

atf(ta U, ka l) =

o, f(t,u,k,i) = ZLp|f1(tu,k,i). Mesoscopic scale

We define a jump process (K(-),I( -))

+ (K(0),1(0)) = (k,i).
» The process waitg a time Ag(k, i) .
+ The process goes from (k, i) to (k', j) with probability Pg(k, i, dk', j) .
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Vp(k)
AT
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Lpf(t,u, k, i) = Ap(k, i) Z J' Pp(k,1,dk',j) (f(t,u,k',j) — f(t,u, k,i)).
j=1 "1

0, f(t,u, k,i) —

o, f(t,u,k,i) = ZLp|f1(tu,k,i). Mesoscopic scale

We define a jump process (K(-),I(-))

+ (K(0),1(0)) = (k,i).

» The process waitg a time Ag(k, i) .

- The process goes from (k, i) o (k', j) with probability Pg(k, i, dk', j) .

1 [
Z(@&)=u+ —J Vi (K(s)) ds
0

27

Then

» o(t,u) = F lpo (qu(t))] .

f(t, U, k, l) =y l 0 ( Zu(t), K(t), I(t))]
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Processus de Lévy stables

Soient a € (1,2) et o une meeure sur R* telle que do(r) = | r|™* " dr.
Alore :

J min(1,7%)do(r) < + oo et J r’do(r) = + ©.
R R
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Processus de Lévy stables

Soient a € (1,2) et o une megure eur R* telle que do(r) = | r|™* ' dr.
Alore :

J min(1,7%)do(r) < + oo et J r’do(r) = + ©.
R R

Y,(-) est un proceseug de Lévy partant de u de megure o 94i :

: [ 29, (iHYu(t))] =0 (— 10" + iHu) :

On définit :

G L lpo (Yu(z))] S ek lpo (@M(t))].

Alorg :

0,0(t, 1) = — (= AYE[p)(t, ) ——> 0,p(t, 1) = Alpl(t, u)




~ Study of a Random Walk

Let ¥ (z) be the number of jumpg until time ¢
1 ! N (1)
Z(H)=u- > L Vs (K(s)) ds = u+ ZZE) Ag (K, 1,) Vs (K,) .
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~ Study of a Random Walk

Let ¥ (z) be the number of jumpg until time ¢
1 ! N (1)
Z(H)=u- > L Vs (K(s)) ds = u+ ZZE) Ag (K, 1,) Vs (K,) .

Let
—ii{B;éOanda —iifB—O

Op = ; B = 5 = 1)

We have : oL
~ZnN%) =+ — Z:;) g (K. 1,) Vs (K,) —» Y,(-)aléuyprocess
[t we define _ _
p(t, u) = —% p(t,u) = Lo (% u(t))_ -

Then

0,p(t, u) = — Al - 0,p(t,u) = Alpl(t, u).
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~ Hydrodynamic limits
aB=§ifB;éOandaB=%ifB=o.
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~ Hydrodynamic limits

5 50

Let p, be the golution on [0,T] x R of
0,pp(t 1) = — (= A)2 [pgl(t,w),

JKO [AAD°O9] and SSS [CMP’19] proved that

Iim

2]

N—>oo “

f(N“Bt, Nu, k, i) — pp(t, u)

1O/l

dk
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JKO [AAD°O9] and SSS [CMP’19] proved that
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The quegtion wag : Can we have an equation for the density of energy ?
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~ Hydrodynamic limits
aBzgifosOandaB:%ifB:o.

Let p, be the golution on [0,T] x R of

0,05(t, u) = — (— A)GTB[pB](t, U), Macroscopic scale
JKO [AAL'O9] and SSS [CMPO’19] proved that

2
lim ) J f(N%t, Nu, k, i) — pg(t, u) ¢
= !

N—>oo “

The quegtion wag : Can we have an equation for the density of energy ?

Anguer : oW (t,u) = — (— A)aTB[W] (t,u). Macroscopic Scale
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~ Hydrodynamic limits
S o
Let p, be the golution on [0,7] x R of

0,05(t, u) = — (— A)aTB[pB](t, U), Macroscopic scale
JKO [AAL'O9] and SSS [CMPO’19] proved that

2
lim ) J f(N%t, Nu, k, i) — pg(t, u) ¢
==

The quegtion wag : Can we have an equation for the density of energy ?
S at%(t, I/l) = (—A)aTB[W] (t, M) - Macroscopic Scale

Cane [preprint]: What happeng it we replace B by By = BN~° ¢
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~ An interpolation process
Let By = BN~ with & > 0. Now we work with the array (K2, IV) .

n
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~ An interpolation process

Let By = BN~? with 5 > 0. Now we work with the array (K2, 1Y) . We define a meagure v; on R* by

| 1
Tl drif 6> .

ho(r)d h‘a—l
glr)ar i

, |
\r\_%_ldr it 6 < >

dvs(r)
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~ An interpolation process

Let By = BN~? with 5 > 0. Now we work with the array (K2, 1Y) . We define a meagure v; on R* by

, I
b it g

ok
|
dug(r) hp(r)dr if 6 = ~
, |
\r\_%_ldr it 6 < >

Let Y3(-) the Léuy process with meagure v
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An interpolation process
Let By = BN~? with 5 > 0. Now we work with the array (K2, 1Y) . We define a meagure v; on R* by

, I
b it g

)
|
dug(r) hp(r)dr if 6 = =
: |
\r\_%_ldr it 6 < >

Let Y2(-) the Lévy process with meagure vs. Let r > 0 then:

lim Nz, ({(k, i), hg (, iV, (K) > Nr}) =7 L)
N— o0
Wit s &
0 = fo<— and a;=— if6>—
3 > > >

vV

Theorem [Cane preprint] : N='ZJ (N%-) converges to Y2( - ).
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~ An interpolation P.D.E

3 . |
— (=Ml if 5> >

@[¢]if§—l
B >

e
—(= APl it 6 <

Dslpl(u)
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~ An interpolation P.D.E 1
—(—AY [Pl if 6> =

2

: |

D1 D1 5=~
~ -8 i 6 <

Let ps be the golution on [0,7] X R of
atpé(ta I/l) = 95[,05]@» M)a

ps(0.u) = p°u)

Theorem [Cane, preprint] :

lim i J ‘fN (Naat, Nu, k. i) — ps(t, u) ‘ 2dk — £
i=1 ° 1!

N—oo “
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~ Transition graph
0.t u,k, i) — vg (k)DL (t,u, k, i) = L [f1(t, u,k,i).

5 0 1 b
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I'ransition graph

3,1t u, k, 1) — Vg (00,1t u ki) = Ly [£1(t,u,k, 1)

Let

d—0 1

5 1

-

3

Theorem [Cane, preprint] :

Iim

gJT

fN (N“ﬁt, Nu, k, i) — ps(t, u)

2 A

2
dk = 0 with 0,p5(t, u) = Ds[ps|(t, u),



1 ransition

graph

3,1t u, k, 1) — Vg (00,1t u ki) = Ly [£1(t,u,k, 1)

Let

d—0 1

5 1

-

3

Theorem [Cane, preprint] :

lim iJ
i=1 <1

N—0o0
Sealing in time
s >
5
3

fN (N“ﬁt, Nu, k, i) — ps(t, u)

0 /2

2 A

2
dk = 0 with 0,p5(t, u) = Ds[ps|(t, u),
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5 0 1 b

e
5 e 2
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I'ransition graph
0.t u,k, i) — vg (k)DL (t,u, k, i) = L [f1(t, u,k,i).

5 0 1 b

e
3 % 2
Theorem [Cane, preprint] :

2 2
lim Z J fY (N%t, Nu, k,i) — ps(t,u)| dk = 0 with 0,052, u) = D[ p;I(¢, w),
N—0o0 T
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